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Einstein’s Equivalence Principle (EEP)

I Universality of Free Fall (UFF): “Test bodies” determine path structure
on spacetime (not necessarily of Riemannian type). UFF-violations are
parametrised by the Eötvös factor

η(A,B) := 2
|a(A)− a(B)|
|a(A) + a(B)|

≈
X
α

ηα

„
Eα(A)

mi (A)c2
−

Eα(B)

mi (B)c2

«
(1)

I Local Lorentz Invariance (LLI): Local non-gravitational experiments ex-
hibit no preferred directions in spacetime, neither timelike nor spacelike.
Possible violations of LLI concern, e.g., variations in ∆c/c.

I Universality of Gravitational Redshift (UGR): “Standard clocks” are uni-
versally affected by the gravitational field. UGR-violations are parametrised
by the α-factor

∆ν

ν
= (1 + α)

∆U

c2
(2)

⇒ Geometrisation of gravity and unification with inertial structure.
Far reaching consequences. One of them is: Gravity is not a force!
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Axiomatics of space-time structure

I Characterise spacetime structure by means of primitives , like clocks and
rods (complicated), or, alternatively, light rays and freely falling particles .

I in latter case get (Weyl 1923, Ehlers-Pirani-Schild 1972)

light-rays ⇒ conf. structure
particles ⇒ proj. structure

ff
+ compatibility ⇒ Weyl

?⇒ Riemann

I Weyl geometries comprise Riemann geometries, but are more general.
They suffice to characterise standard clocks (Perlick 1987) and allow for
second clock-effects .

I Weyl geometries are reduced to Riemann geometries by the requirement
that trajectories of the short-wave limit of classical massive fields agree
with the geodesics of the Weyl connection (Audretsch 1983, Audretsch-
Gähler-Straumann 1984).
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UFF, UGR, and energy conservation

T1 T2 T3 T4

hν gA gB

height

A

B

B′

Figure: Gedankenexperiment by NORDTVEDT to show that energy conservation connects violations of
UFF and UGR. Considered are two copies of a system that is capable of 3 energy states A, B, and B′

(blue, pink, and red), with EA < EB < EB′ . Initially system 2 is in state B and placed a height h above
system 1 which is in state A. At time T1 system 2 makes a transition B → A and sends out a photon of
energy hν = EB − EA . At time T2 system 1 absorbs this photon, which is now blue-shifted, and makes a
transition A → B′ . At T3 system 2 has been dropped from height h with acceleration gA, has hit system 1
inelastically, leaving one system in state A and at rest, and the other system in state B with an upward
motion with kinetic energy Ekin = MAgAh + (EB′ − EB). The latter motion is decelerated by gB , which
may differ from gA . At T4 the system in state B has climbed to the same height h by energy conservation.
Hence have Ekin = MBgBh and therefore MAgAh + MB′ c2 = MBc2 + MBgBh, from which we get

δν

ν
=

(MB′ − MA)− (MB − MA)

MB − MA
=

gBh

c2

"
1 +

MA

MB − MA

gB − gA

gB

#
(3a)

⇒ α =
MA

MB − MA

gB − gA

gB
=:

δg/g

δM/M
(3b)
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A brief comment on Müller et al. (Nature 2010)

Have

∆φ = κT 2g(Cs) = κT 2 m(Cs)
g

m(Cs)

i

g(Earth) = κT 2 m(Cs)
g

m(Cs)

i

m(Ref )
i

m(Ref )
g

g(Ref)

= η(Cs,Ref )κT 2g(Ref)

(4)

I Proportional to (1+Eötvös-factor) in UFF -violating theories.

Q How does it depend on α in UGR-violating theories? Müller et al. argue
for ∝ (1 + α) by representation dependent interpretation of ∆φ as a mere
redshift.

I Refutation of this interpretation does not answer Q.
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Worries & hopes: QM needs UGR

I Einstein argues to be able to vio-
late ∆E∆T > ~.

I Bohr argues that inequality holds
due to UGR:

QM: ∆q >
~

∆p
>

~
Tg∆m

ART: ∆T =
gT

c2
∆q

=⇒ ∆T >
~

∆m c2
=

~
∆E

I Bohr’s argument can be (and has
been) criticised on various ac-
counts, but its underlying logic
(QT needs GR for consistency)
seems truly remarkable.
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Worries & hopes: QFT needs UGR - 1

I Consider thin mass shell of Radius R, inertial rest-mass M0, gravitational
mass Mg , and electric charge Q. Its total energy is

E = M0c2 +
Q2

2R
− G

M2
g

2R
(5)

I Now use the following two principles:

E = Mi c
2

Mg = Mi
(6)

I Get quadratic equation for mass M := Mi = Mg :

⇒ M :=
E

c2
= M0 +

Q2

2c2R
− G

M2

2c2R
(7)
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Worries & hopes: QFT needs UGR - 2

I The solution is

M(R) =
Rc2

G

8<:−1 +

s
1 +

2G

Rc2

„
M0 +

Q2

2c2R

« 9=; (8)

I Its R → 0 limit exits

lim
R→O

M(R) =

s
2Q2

G
=
√

2α ·
|Q|
e
·MPlanck (9)

but its small-G approximation is not uniform in R at R = 0:

M =

 
m0 +

Q2

2c2R

!

+
∞X

n=1

(2n − 1)!!

(n + 1)!
·
„
−

G

Rc2

«n

·
 

m0 +
Q2

2c2R

!n+1
(10)
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The gravitational “H-atom”

I Centrifugal force equals gravitational attraction

miω
2r = G

mgMg

r2
. (11)

I Angular momentum (∝ mi ) is quantised

miωr2 = n~ (12)

I Bohr radii and frequencies

r(n) =

„
1

mi mg

«
·

n2~2

GMg
, ω(n) =

`
mi m

2
g
´
·

G2M2
g

n3~3
, (13)

and energies

E(n) = 1
2 miω

2(n)r2(n)−
G mgMg

r(n)
= −

`
mi m

2
g
´
·

G2M2
g

2 n2~2
. (14)
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Homogeneous static gravitational field
I Time independent Schrödinger equation in linear potential V (z) = mggz

is equivalent to:  
d2

dζ2
− ζ

!
ψ = 0 , ζ := κz − ε (15)

where

κ :=

»
2mi mg g

~2

– 1
3
, ε := E ·

"
2mi

m2
g g2 ~2

# 1
3

. (16)

ζ

Ai(ζ)

I Complement by hard (horizontal) wall V (z) = ∞ for z ≤ 0 get energy
eigenstates from boundary condition ψ(z = 0) = 0, hence ε = −zn
(Abele et al. 2002, Kajari et al. 2010, ...):

E(n) = −zn

"
m2

g

mi
·

g2~2

2

# 1
3

. (17)
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Homogeneous static gravitational field
I Classical turning point zturn

mgg zturn = E ⇔ zturn =
E

mgg
=
ε

κ
⇔ ζ = 0 . (18)

ζ

Ai(ζ)

I Large (−ζ) - expansion of Airy function gives decomposition of ingoing and
outgoing waves with phase delay of

∆θ(z) =
4

3

h
κ
`
E/mgg − z

´i3/2
− π/2 (19)

corresponding to a “Peres time of flight” (Davies 2004)

T (z) := ~
∂∆θ

∂E
= 2

~κ
3
2

mgg

√
zturn− z = 2

s
mi

mg
·

s
2 ·

zturn− z

g
(20)

I For other than linear potential we will not get classical return time.
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Proposition:
One-particle Schrödinger wave in homogeneous force-field

ψ solves the Schrödinger Equation

i~∂tψ =

 
−

~2

2mi
∆− ~F (t) · ~x

!
ψ (21)

iff
ψ =

`
exp(iα)ψ′

´
◦ Φ−1 , (22)

where ψ′ solves the free Schrödinger equation (i.e. without potential).

Φ : R4 → R4 is the following spacetime diffeomorphism (preserving time)

Φ(t , ~x) =
`
t , ~x + ξ(t)

´
. (23)

ξ is a solution to
~̈ξ(t) = ~F (t)/mi (24)

with ~ξ(0) = ~0 and α : R4 → R is given by

α(t , ~x) =
mi

~


~̇ξ(t) ·

`
~x + ~ξ(t)

´
−

1

2

Z t
dt ′‖~̇ξ(t ′)‖2

ff
. (25)
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Schrödinger-Newton equation

I Consider Einstein – Klein-Gordon system

Rab − 1
2 gabR = 8πG

c4 T KG
ab (φ) ,

`
�g + m2´φ = 0 (26)

I Make WKB-like ansatz

φ(~x , t) = exp

 
ic2

~
S(~x , t)

! ∞X
n=0

 √
~

c

!n

an(~x , t), (27)

and perform 1/c expansion (D.G. & A. Großardt 2012).
I Obtain

i~∂tψ =

 
−

~2

2m
∆ + mV

!
ψ (28)

where
∆V = 4πG

`
ρ+ m|ψ|2

´
. (29)

I Ignoring self-coupling, this just generalises previous results and conforms
with expectations.

15/18



Quantum Mechanics
and the

Equivalence Principle

Domenico Giulini

Equivalence principle

Worries & Hopes

Examples

QS in HGF

Self Gravity

Summary

Schrödinger-Newton equation

I Without external sources get “Schrödinger-Newton equation”
(Diosi 1984, Penrose 1998):

i~ ∂tψ(t , ~x) =

 
−

~2

2m
∆− Gm2

Z |ψ(t , ~y)|2

‖~x − ~y‖
d3y

!
ψ(t , ~x) (30)

I The SNE has the same symmetries as ordinary Schrödinger equation:
Full inhomogeneous Galilei group, including parity and time reversal, and
global U(1) phase transformations.

I Also it has the following scaling covariance: Let

Sλ[ψ](t , ~x) := λ9/2ψ(λ5t , λ3~x) , (31)

then Sλ[ψ] satisfies the SNE for mass parameter λm iff ψ satisfies SNE for
mass parameter m
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The time-dependent SN-Equation
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Figure: Time evolution of peak of radial probability density for increasing masses. First
bounces back from minimal contraction are seen within shown interval of time above
masses of 9× 109 u. (D.G. and A. Großardt 2011)
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Summary

I QM does not contradict EEP, but rather has the potential to give rise to
more accurate tests of it.

I However, so-called “Quantum tests of the equivalence principle” need to
properly state the form this principle takes in the quantum regime.

I The intended outcome of any formulation of EEP is that the interaction
between matter and gravitation can be fully described by geometric struc-
tures on spacetime together with a universal coupling scheme which are
common to all forms of matter.

I All gravitational couplings of quantum matter investigated in experiments
so far concern external gravitational fields (Earth, Sun, Moon, Galaxy).

I Within the range of applicability of the semi-classical Einstein Equations the
gravitational self-interaction is expected to give rise to effective non-linear
quantum-evolutions. These can alter the c.o.m - evolution in the sense of
inhibitions of dispersion for certain mass ranges and widths,

I For masses above 6.5 × 109 u and width around 500 nm, collapse times
are still of the orders of hours. Due to scaling law, tenfold mass and 10−3

width results in 10−5 collapse time.
I All this ignores the possible quantum nature of the gravitational field.

THANK YOU!
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